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Abstract 

In this paper we have considered the steady laminar flow of an visco-elastic electrically 

conducting Walter’s-B fluid through a circular cylinder or pipe loosely packed with porous 

material subjected to uniform transverse magnetic field and taking Hall current into account. 

The entire flow domain without boundary layer approximations in the governing equations 

vis-a-vis, the fully developed solutions of the velocity and pressure drop are obtained and 

computationally discussed with reference to flow governing parameters. It is interesting to 

note that the elastic parameter reduces the fluid velocity nearly middle of the channel and 

then continuously boosting up throughout the cylinder. For engineering interest, we found 

skin friction analytically and computationally presented. 
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1. Introduction: 

Many researchers have analysed the 

solution by the method of successive 

approximation, taking the Newtonian solution as 

the initial solution following the method of 

Beard and Walters [3] which is valid only for 

small values of the elastic parameters. The study 

of flow through porous tubes or channels 

attracted many researchers in view of their 

applications in biomedical engineering, for 

example in the dialysis of blood in artificial 

kidneys, flow of blood in oxygenators, etc. 

Further, in many engineering applications such 

as the design of filters, the transpiration cooling, 

boundary layer control and the gaseous 

diffusion, the flow through porous tube finds 

numerous applications. The problem of flow 

through an annulus with porous walls has gained 

considerable importance in view of 

technological and aeronautical applications. 

Mishra and Roy [4] have studied the steady 

laminar flow of visco- elastic liquid through a 

pipe or cylinder with suction or injection. Yan  

 

and Finkel stein [5] have obtained the solution of 

laminar pipe flow with injection and suction 

through a porous wall. Juncu[6] studied 

heat/mass transfer from a circular cylinder with 

an internal heat/mass source in laminar cross 

flow at low Reynolds number. Cheng [7] has 

studied free convective heat and mass transfer 

from a horizontal cylinder of elliptic cross 

section in micro polar fluids. Opara[8] has 

investigated fluid instability between two 

rotating coaxial cylinders with radiative heat 

transfer. Esmaeilpouret al. [9] have applied He’s 

method for laminar flow in a porous saturated 

pipe. Ganesan and Lokanath [10] have studied 

the effects of mass transfer and flow past a 

moving vertical cylinder with constant heat flux. 

Pattabhirana Charyulu[11] made a study on the 

flow through a circular pipe completely filled 

with porous material. Sharma et al. [12] obtained 

the numerical solution of steady motion of 

second order fluid past a circular cylinder with 

suction or injection. Sawchuk and Zamir [13] 
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have investigated boundary layer on a circular 

cylinder in axial flow. Steady flow and heat 

transfer of a Sisko fluid in annular pipe was 

studied by Khan et al. [14]. Subramanyam et al. 

[15] have studied the unsteady laminar viscous 

conducting fluid through a circular cylinder 

bounded by permeable bed under the influence 

of exponentially decreasing pressure gradient. 

Laminar flow of a steady viscous incompressible 

fluid through a circular pipe under the influence 

of aligned magnetic field was discussed by 

Hughes and Young [16]. Saxena et al. [17] 

discussed the effect of MHD visco-elastic fluid 

flow, considering Rivlin-Ericksen model, 

through a circular cylinder bounded by a 

permeable bed. Recently, Munawar et al. [18] 

have investigated unsteady local non-similar 

boundary layer flow over a long slim cylinder. 

Ghasemi and Bayal [19] studied visco-elastic 

MHD flow and heat transfer of Walters’B fluid 

over a non-isothermal stretching sheet. Varshney 

et al. [20] have studied the effect of Hall current 

on MHD visco-elastic fluid flow through a 

circular cylinder embedded in a porous medium. 

Krishna and M.G. Reddy [22] discussed the 

unsteady MHD free convection in a boundary 

layer flow of an electrically conducting fluid 

through porous medium subject to uniform 

transverse magnetic field over a moving infinite 

vertical plate in the presence of heat source and 

chemical reaction. Krishna and G.S. Reddy [23] 

have investigated the simulation on the MHD 

forced convective flow through stumpy 

permeable porous medium (oil sands, sand) 

using Lattice Boltzmann method. Krishna and 

Jyothi [24] discussed the Hall effects on MHD 

Rotating flow of a visco-elastic fluid through a 

porous medium over an infinite oscillating 

porous plate with heat source and chemical 

reaction. Reddy et al.[25] investigated MHD 

flow of viscous incompressible nano-fluid 

through a saturating porous medium. Recently, 

Krishna et al. [26-29] discussed the MHD flows 

of an incompressible and electrically conducting 

fluid in planar channel. Veera Krishna et al. [30] 

discussed heat and mass transfer on unsteady 

MHD oscillatory flow of blood through porous 

arteriole. The effects of radiation and Hall 

current on an unsteady MHD free convective 

flow in a vertical channel filled with a porous 

medium have been studied by Veera Krishna et 

al. [31]. 

Keeping the above mentioned facts, in this 

paper we have considered the steady laminar 

flow of an elastic-viscous electrically conducting 

Walter’s-B fluid through a circular cylinder or 

pipe loosely packed with porous material 

subjected to uniform transverse magnetic field 

and taking Hall current into account. 

2.  Formulation and Solution of the 

Problem: 

Consider the steady laminar flow of an 

elastico-viscous electrically conducting 

(Walter’s-B) fluid through a circular cylinder or 

pipe packed with porous material subjected to 

magnetic interaction and taking Hall current into 

account. The axis of the cylinder is taken along 

z-axis. The physical configuration of the 

problem is as shown in Fig.1. Cylindrical polar 

coordinates  , ,r z  are used where r is 

measured from the axis of the cylinder, θ from 

some convenient meridian plane and z along the 

axis of the cylinder. The θ coordinate will not 

appear in our discussion due to axial symmetry, 

we have further assumed that a constant normal 

velocity of suction or injection is applied at the 

wall 

   , , 0, ,
r z

u u r z u u w r z                                                                                               
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When the strength of magnetic field is very 

large, the generalized Ohm’s law is modified to 

include the Hall current so that, 

 
0

e e
e

J J H E q H
H

           (4)                                                                                 

In Eq. (4), the electron pressure gradient, the 

ion-slip, and thermo-electric effects are 

neglected. We also assume that the electric field 

E=0 under assumptions reduces to 

0 0x z eJ mJ H w B w         (5)                                                                                              

0 0z x eJ mJ H u B u       (6)                                                                                                

Where,  
e em      is the Hall parameter, on 

solving Eqs. (5) and (6), we obtain
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Fig. 1.Physical configuration of the problem 

 

Using Eqs. (7) and (8), the equations of the 

motion with reference to the frame are given by  

   
1 1 2
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2
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                                (9) 
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1
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                             (10) 

Defining the non-dimensional parameter 

 0 1
r

a
        (11)                                                                                                                

The equations of continuity and momentum 

reduce to  

2

1
0

u w

a z



 

 
     (12)                                                                                                               
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(13) 
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The boundary conditions are 

 , 0, 0 at         0      
w

u z 



  
    (15)                               

    0, 0, , at 1w z z u           (16)                            
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We now introduce a stream function ψ defined 

by

 

    2

1 1
, and ,u z w z

a z a

  
  
 

  
 

 (17)                      

The function ψ satisfies the equation of 

continuity (12). We now write the stream 

function in the form of 

     , z g z          (18)                                                                                                        

 Then the velocity components are given by 

       2

1 1
, an  d , 

g
u z w z g z

a z a

   
  

 
  
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               (19) 

Let 
0w   and  w    be the average velocity at z = 0 

and local average velocity at some station z in 

the pipe respectively so that these are given by 

 
1

0
0

2 ,0w w d                  (20) 

 
1

0
and 2 ,zw w d        (21) 

        From the boundary condition (16) and the 

radial velocity component (17) one gets 

 
0

1

aug

z 


 


and which on integration gives g(z) 

       
0

1

au z
A


               (22) 

Where, ‘A’ is constant to be determined from the 

inlet conditions of the pipe. 

         Again from the boundary condition (15) 

and the expression (19) 

 0 0  , since   
g

z




  is a non-zero constant 

with the help of (19) and (22) Eq.(18) gives    
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a w
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
         (23)                                                                                                                     

        Again from (22) and (23), we have  
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(24) Let  
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


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 

                                                (25) 

      Then, the velocity components (19) assume 

the following forms with the help of the Eqs. 

(22), (24) and (25)  

 0u u V 
       (26)                                                                                                             

 0
0

1

2

u z
w w V

a
   

 
            (27) 

Further, with the help of (18), (24) and (25), the 

stream function ψ can be put in the form of  

   2
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1
,

2
z a w au z V      
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(28) 

          In the equations V (λ) is some function of 
the distance parameter λ yet to be determined. 
We also note that since the suction or injection 

velocity is taken to be constant, the radial 

component of velocity becomes a function of λ 
only.  

          Substituting for u and w from (26) and 

(27) into the equations of motion (13) and (14) 

we get  
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Differentiating Eq. (30) with respect to λ and 
eliminating p we get 
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   
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    (31) 

 The problem thus reduces to the solutions of 

a fourth order non-linear differential equations, 

If the elastic number Rc =0 we recover the 

corresponding equations for a Newtonian liquid. 

If there is no fluid suction or injection at the 

surface of the cylinder, then  R =0 and Eq. (31) 

reduces to  
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      The solution of (32) subject to the boundary 

conditions  

       '1 0 0 ; 0  0, 1 1V VV V             (33) 

Becomes a function V (λ) decreasing the well-
known Poiseuille flow in a cylindrical pipe. This 

proves that the elastic elements in the viscous 

liquid play some role in the flow field only when 

there is suction or injection of the fluid on the 

surface of the cylinder. Thus, we can study the 

derivations from the Poiseuille flow by a 

perturbation method where the cross flow 

Reynolds number R is used as a perturbation 

parameter. The solution thus obtained will be 

valid for sufficiently small values of R. Making 

use of perturbation method, we expand the 

functions V (λ) and V (λ) in the forms  
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And Vn and n
V are taken to be independent of R. 

      Inserting (34) and (35) into (29) and equating 

the coefficients of various powers of R to zero 

we get, Zero
th 

order approximation is 
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Second order approximation is  
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(39) 

And so on  

The conditions to be satisfied by Vn and 
n

V are 
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n n

V V 
  
for n= 0, 1, 2…     (40)                                                       
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n

V V n  
   (41)                               

     It can be seen that the solutions of various 

order are  
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From (26) and (25) with the help of (46) and 

(47) the expressions for the velocity components 

in the non-dimensional form are given by 
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From Eq. (21) it can be shown that 

0 Re

2
1

w R Z

w N a

 
  
 

              (50)                                                                                                    

Now, from Eqs. (47) and (48) we have 

 
 2 2 2 4 61 1 2 2

2( 1) R
2 2 9 9

w
V

w
             

 
2

2 4

2

1 1 1 1 1

2 1 3 4 12

M
R

m K
 

          
 



 

Volume 03, Issue 09, Sept 2019                           ISSN 2581 – 4575     Page 196 

 

2 2 4 6 8 101 83 38 11 1 1 1

2 1350 135 36 9 36 450
R             

 
2

2 4 6 8

2

1 17 53 1 7 1

1 540 360 6 108 72

M

m K
   

             

 
2

2
2 4 6

2

1 1 5 1 1

1 288 288 48 144

M

m K
  

             

2 6 817 52 8 1

45 45 9 9
Rc           

      (51) 

From (29) and (30) we get pressure distribution 

as 
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From (52) and (53) it follows that  

   
0 0

0

, 0,0
z

z

p p
dz d p z p

z


 

 

        
                                                                        

(54) 

Where,  0,0p is the pressure at the entrance of 

the pipe on the axis. From (52), (30), (46) and 

(47) we have, the pressure drop in the axial 

direction is 
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The results hold for 1.R   1 0
n

V   Positive 

values of R (or u0) represent suction, while 

negative values represents injection at the wall. 

We may also deduce the solutions for the 

Newtonian fluid as particular cases from the 

above solution by taking Rc = 0. 

The stress component 

2 2
' 0 0

2 2
2rz kw w w u w u w

P u aw
a a z


      

      
            

                                                      

(56) 

The frictional force (Shear stress) is given by 
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(57) 

          From (28) and (47) the stream function in 

the non-dimensional form can be written as 
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3. Results and Discussion 

   The flow governed by the non-

dimensional parameters namely viz. Hartman 

number (M), permeability parameter (K) , Hall 

parameter (m), Cross –flow Reynolds number 

(R), Elastic parameter (Rc), Z/a for the velocity 

and pressure drop. The profiles (2-7) depict for 

the velocity𝑤 𝑤_ 0⁄ ; (8 - 12) for the axial velocity 𝑤 𝑤_⁄ ; and (13 - 18) for the pressure drop while 

the other parameters being fixed. Table. 1 

represents the frictional force with respect to all 

governing parameters and finally the Table. 2 

has been shown the validation of the results. The 

Fig. 2 shows that the axial velocity reduces in 

the upper half of the channel with increasing 

Hartman number M, because of Lorentz force 

velocity continuously reduces throughout the 

cylinder. The magnitude of the velocity 

enhances with increasing porous parameter (K) 

and hall parameter (m) (Fig. 3 - 4). Lower the 

permeability lesser the fluid speed is observed in 

the entire fluid region. The axial velocity 

increases from the axis of the pipe to the wall 

during the flow, in the presence of the porous 

matrix sustains a retorting effect at all the 

sections whereas the elastic elements not have 

significant contributions . In the absence of 

elastic element and porous matrix the velocity 

attains higher in magnitude at every point of the 

cylinder. From Fig. 5, it is shown that when R > 

0 the velocity reduces whereas R < 0 the velocity 

increases on nearly the upper half of the 

cylinder, and rest part of the channel is to 

increase throughout the cylinder. The Fig. 6 

describes the variation of the velocity with 

elastic parameter. The magnitude of the velocity 

slightly decreases due to presence of elasticity. 

Particularly it is interesting to note that the 

elastic parameter reduces the fluid velocity 

nearly middle (λ < 6) of the channel and then 

continuously boosting up         ( λ > 6) 

throughout the cylinder. We also noticed that 

from the Fig. 7, an increasing Z/a leads to reduce 

the axial velocity in the flow of viscous fluid 

while the other parameter being fixed. The axial 

velocity distribution is obtained in the presence 

of fluid suction/injection at the surface of the 

cylinder. It is evident that from Eqn. (21) in the 

absence of cross flow (R = 0), axial velocity is 

given for 2

0

2(1 )
 


  . This represents the 

flow in a solid pipe. It is noted from the Fig. 8 

expression for maximum velocity occurs for 

0   with magnitude 2. It is quite interesting to 

note that at the centre of the cylinder, the 

velocity profiles intersect to each other. Thus it 

is concluded that flow is independent of cross 

flow at the centre line of the pipe.  From the Fig. 

8, it is also interesting to observe that a 

significant reduction of axial velocity due to 

resistive type Lorentz force, so it is evident that 

the axial velocity retorts with increasing the 

intensity of the magnetic field. The magnitude of 

the velocity enriches with increasing porous 

parameter K and Hall parameter m (Fig. 9 – 10). 

The axial velocity upsurges from the axis of the 

pipe to the wall during the flow in the presence 

of the porous matrix sustains a retarding effect at 

all the sections whereas the elastic elements not 

have significant contributions. In the absence of 

elastic element and porous matrix the velocity 

reaches higher in magnitude at every point of the 

cylinder. Fig. 11, evident that, the influence of 

suction parameter (R > 0) is to increase to half of 

the cylinder where as the reversal effect (R < 0) 

observed on the velocity in the upper half of the 

pipe, but injection fevers it, this is due to fact 

that hall current effect. The Fig. 12 conveys the 

variation of the velocity with elastic parameter. 

The magnitude of the velocity slightly 

diminishes due to presence of elasticity. 

Particularly it is interesting to note that the 

elastic parameter condenses the fluid velocity 

nearly middle (λ < 6) of the channel and then 

continuously boosting up (λ > 6) during the 

course of the cylinder. We also distinguished 

that from the Fig. 7, an increasing Z/a leads to 
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reduce the axial velocity in the flow of viscous 

fluid while the other parameter being fixed. Fig. 

13 exhibits the pressure variation for various 

values of Hartman numbers (M). The pressure 

drop enhances with increasing the intensity of 

magnetic field, it is also evident from the fact 

that in the presence of Hall current effect. It is 

observed that from the Fig. (14 - 15) the pressure 

distribution retards with increasing porosity 

parameter (K) and Hall parameter (m). It is also 

note that presence of porous matrix has no 

significant effect on pressure variation. It is 

evident from the Fig.16 that the injection 

contributes to reattain maximum pressure drop 

where as the reversal effect for increasing 

suction. We noticed that from the Fig. 17. The 

pressure variation increases with increasing 

elastic parameter throughout the cylinder. 

Likewise the pressure variation diminishes with 

increasing Z/a in entire pipe it is observed from 

the Fig. 18. 

 

 
Fig. 2 The velocity profile against M with 

0.1,  1,  0.1,  50,  / 20K R Rc am Z      

 

 
Fig. 3 The velocity profile against K with 

0.1,  1,  0.1,  50,  / 20M R Rc am Z      

 

 
Fig. 4 The velocity profile against m with 

4,  0.1,  0.1,  50,  / 20M K R Rc Z a      

 
Fig. 5 The velocity profile against R with 

0.1,  0.1,  0.1,  50,  / 20M Rc aK m Z      

 
Fig. 6 The velocity profile against Rc with 

0.1,  0.1,  0.1,  0.1,  / 20M R aK m Z      

 
Fig. 7 The velocity profile against Z/a with 

0.1,  0.1,  0.1,  0.1,  50M RK m Rc    
 

 

 
Fig. 8 The velocity profile against M with 

0.1,  1,  0.1,  20RK m Rc     
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Fig. 9 The velocity profile against K with 

0.1,  1,  0.1,  20M Rm Rc     

 
Fig. 10 The velocity profile against m with 

3,  0.1,  0.1,  20M RK Rc     

 
Fig. 11 The velocity profile against R with 

0.1,  0.1,  1,  20M K m Rc   
 

 
Fig. 12 The velocity profile against Rc with 

0.1,  0.1,  0.1,  0.1K mM R     

 
Fig. 13 The pressure profile against M with 

0.1,  1,  0.1,  0.1,  0.1m RcK R       

 

 
Fig. 14 The pressure profile against K with 

0.5,  1,  0.1,  0.1,  0.1m RcM R       

 
Fig. 15 The pressure profile against m with 

5,  0.1,  0.1,  0.1,  0.1RcM K R       

 
Fig. 16 The pressure profile against R with 

0.5,  0.1,  1,  0.1,  0.1RcM K m       

 

 
Fig. 17 The pressure profile against Rc with 

0.5,  0.1,  1,  0.1,  0.1M K m R       

 

 
Fig. 18 The pressure profile against λ with 

0.5,  0.1,  1,  0.1,  0.1M K m RcR    
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Table. 1 Skin friction 

M K M R Rc z/a −𝜏0 

0.5 0.5 1 0.1 0.1 20 3.66527 

1      3.67036 

1.5      3.67883 

 1     3.65165 

 1.5     3.64709 

  2    3.66425 

  3    3.66391 

   0.2   3.32890 

   0.3   2.99080 

    0.2  3.34458 

    0.3  3.02390 

     50 3.64125 

     100 3.60122 

  

The effect of skin friction is an important aspect 

of the phenomena Table 1.displays the skin 

friction at various parameters of the flow 

through a pipe. All entries are negative and the 

absolute values of skin friction reduces with 

increasing poroucity parameter K, Hall 

parameter m, cross flow Reynolds number R, 

elastic parameter Rc and Z/a whereas increases 

the skin friction with increasing magnetic 

parameter M .Therefore we conclude that some 

amount of energy stored up as strain energy due 

to elastic parameter and suction reduce the 

shearing stress at the surface. It is a required 

outcome to avoid flow separation. Table. 2 

represent the comparison of results for axial 

velocity distribution. We noticed that the results 

are excellent agreement with results of Barik et 

al. [21] 

Table. 2 Comparison of axial velocity 

distribution at the surface of the cylinder. 

  0.2;  /   10;   1000;ReZ a N     

M K R Rc Results 

of R.N. 

Barik 

[21] 

Resultsof 

present 

study m 

= 0 

0.5 0.1 0.1 0.1 1.87628 1.87627 

1 0.2 0.2 0.2 1.86138 1.86136 

1.5 0.3 0.3 0.3 1.83260 1.83261 

2 0.4 0.4 0.4 1.78168 1.78169 

4. Conclusions 

We have considered the steady laminar flow of 

an elastic-viscous electrically conducting 

Walter’s-B fluid through a circular cylinder or 

pipe loosely packed with porous material 

subjected to uniform transverse magnetic field 

and taking Hall current into account. The 

conclusions are made as the following. 

1. The axial velocity reduces with increasing 

the intensity of the magnetic field. 

2. Porosity parameter and Hall parameter 

increases the fluid velocity. 

3. The magnitude of the velocity slightly 

decreases due to presence of elasticity. 

4. Presence of magnetic field and porous 

matrix contribute slightly asymmetric 

flow with respect to centre of the pipe.  

5. Elasticity and suction are 

counterproductive for experiencing 

greater skin friction and hence useful for 

controlling flow separation. 
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